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Abstract Perforated pipeline structure is widely utilized in
the oil industry for its special functionality of communicating
media with the ambient environment. A typical application is
the slotted liner in SAGD (Steam Assisted Gravity Drainage)
process, where the pipeline structure is manufactured with
open slots to spread hot steam and collect the melted oil.
Generally, a dense opening layout is employed to reduce flow
resistance. On the other hand, inclusion of the many openings
severely reduces the structural strength and stiffness, which
causes the pipeline prone to deformation or even failure.
Therefore, there exist the two conflicting requirements for
design of the pipeline opening layout, and an interesting so-
lution is proposed in this paper. To be specific, the pipeline
structure is discretized into shell elements which are catego-
rized into multiple types: without opening, with opening type
1, with opening type 2, etc. These element types are treated as
different material phases, and design of the pipeline opening
layout is transformed into a multi-material topology optimiza-
tion problem. Multi-material level set method is employed to
solve it, subject to the compliance minimization objective. In
addition, a lower bound of opening quantity is applied by
properly configuring the material fraction constraint, which
ensures the low flow resistance. The effectiveness of the pro-
posed method is proven through a few numerical case studies.

Keywords Pipeline opening layout .Multi-material . Level
set . Topology optimization . Stiffness

1 Introduction

Pipeline is the regular device for media transportation, e.g.
water, slurry, oil, and gas; and enclosed shell structure is gen-
erally employed to prevent leakage. For some special applica-
tions, the pipeline is intentionally manufactured with openings
to exchange media with the ambient environment. For in-
stance, slotted liner (see Fig. 1) is a multi-functioning device
applied in SAGD (Steam Assisted Gravity Drainage) wells.
The slots on the pipeline serve as the flow channel for the
injected steam to spread into the ambient soil, or as the chan-
nel to collect the melted oil. In addition, the spindle-like shape
blocks the sands from getting in. Generally, a dense distribu-
tion of openings is expected in order to reduce the flow
resistance.

On the other hand, the many openings reduce the structural
stiffness and under heavy loading conditions, the openings
may severely deform and fail in proper functioning, e.g. fail
to block sands. Therefore, design of the pipeline opening lay-
out is challenging because of the conflicting design require-
ments, which can hardly be resolved by the trial-of-errors
approach.

In this paper, an interesting solution is proposed to trans-
form pipeline opening layout design into a multi-material to-
pology optimization problem. Innovatively, the mesh ele-
ments are divided into two categories: (i) be solid, and (ii)
be perforated with an opening. Each category is treated as
one independent material phase. In case of multiple opening
types involved, they will be treated as different material
phases, as well. Homogenization is performed on each open-
ing type to calculate the effective elasticity properties of the
‘pseudo’material phase. So far, the layout design problem has
been switched to optimally distributing the different material
phases, which definitely belongs to a multi-material topology
optimization problem. Multi-material level set method is
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employed to solve this problem. In addition, material fraction
constraint is added in the problem formulation to guarantee
the required minimum opening quantity.

The rest of this paper is organized as: Section 2 reviews the
development of the multi-material topology optimization.
Section 3 introduces the multi-material level set modeling.
Section 4 briefly introduces the shell finite element analysis
(FEA), as well as the homogenization. Section 5 presents the
multi-material level set topology optimization problem and
the related solution process. A few numerical examples are
studied in Section 6. And in Section 7, some technical chal-
lenges have been addressed, including homogenization vali-
dation, mesh refinement and involvement of the flow conver-
gence loss. A conclusion is given in Section 8.

2 Literature review

Topology optimization is a powerful and creative structural
design method. It concurrently addresses the shape and topo-
logical changes, and therefore offers more design freedom
compared to sizing and shape optimization. Currently, SIMP
(Solid Isotropic Material with Penalization) (Bendsoe and
Sigmund 2003), ESO (Evolutionary Structural Optimization)
(Xie and Steven 1993), and level set (Wang et al. 2003; Allaire
et al. 2004) are the main topology optimization methods, and
comprehensive reviews about the algorithms and their indus-
trial applications can be found in (Rozvany 2009; Sigmund
and Maute 2013; van Dijk et al. 2013).

Multi-material structure design has the potential to satisfy
some extremely challenging design requirements, and owing
to the advancement of manufacturing methods, multi-material
structure these days can be manufactured at a reasonable cost.
Therefore, it is gaining the popularity, and so is the multi-
material topology optimization.

In (Sigmund and Torquato 1997; Gibiansky and Sigmund
2000), the authors used the SIMP method to design two-
material microstructures pursuing extreme physical proper-
ties. Later, Sigmund (2001) extended the method to design
multi-physics actuators with two material phases. Bendsoe
and Sigmund (1999) summarized the rule of multi-material
interpolation in SIMP method. The general way of two-
material interpolation is to assign two design variables to each

finite element: one (ρ1
e) determines the solid material ratio in

the element, while the other (ρ2
e) determines the material com-

position ratio of material 1. For instance, the element elasticity
tensor is defined as,

E ρeð Þ ¼ ρe1
� �p

ρe2
� �p

E1 þ 1−ρe2
� �p

E2
� � ð1Þ

in which E1 and E2 are the elasticity tensors of material 1 and
2 respectively; p is the penalization term. Hvejsel and Lund
(2011) generalized the SIMP method to make it applicable to
interpolate any number of predefined materials with isotropic
or anisotropic properties.

Additionally, Lund and Stegmann (2005) and Stegmann
and Lund (2005) developed the DMO (discrete material opti-
mization) method to optimize the discrete material selection of
laminated composite structures, which offers a new material
interpolation scheme, as,

E ρeð Þ ¼ ρe1
� �p

1− ρe2
� �p� �

E1 þ ρe2
� �p

1− ρe1
� �p� �

E2 ð2Þ

Lund (2009) employed the DMO method to design multi-
material shell laminates for maximizing the buckling load fac-
tor. Gao and Zhang (2011) compared the SIMP and DMO
interpolation schemes through solving mass constrained
multi-material topology optimization problems.

Level set method is another powerful approach to address-
ing multi-material topology optimization problems. Wang and
Wang (2004) developed the ‘color’ level set method to solve
the multi-material compliance-minimization problems; the ad-
vantage of this method is that, it only requires m level set
functions to represent n=2m material phases. Mei and Wang
(2004) demonstrated a similar idea to perform multi-material
topology optimization. Later, this method was used to design
multi-material compliant mechanisms (Wang et al. 2005), and
was generalized to design and optimize heterogeneous objects
(Wang and Wang 2005). Additionally, multi-material heat
conduction problems (Zhuang et al. 2010) and stress-related
problems (Guo et al. 2014) were also solved under this theo-
retical framework. In (Allaire et al. 2014; Guo et al. 2014), the
authors gave a more rigorous shape derivative for multi-
material topology optimization problems. Vermaak et al.
(2014) explored the influence of the continuous material prop-
erty change between material phases. Other than the ‘color’
level set method, Xia andWang (2008) developed a numerical

(a) parallel layout (b) staggered layout

Fig. 1 Two types of slotted liner
a parallel layout b staggered
layout
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approach to solve topology optimization problems with func-
tionally graded materials. Very recently, Wang et al. (2015)
proposed a new Multi-Material Level Set (MMLS) scheme,
which represents m+1 material phases by m level set func-
tions; this method guaranteed no redundant material phases,
but may have efficiency issue with large number of material
phases. On the other hand, the MMLS in fact can be derived
from the ‘color’ level set scheme through a degenerating pro-
cess, which will be further discussed later.

In summary of the existing methods, they have been ap-
plied to a variety of multi-material engineering problems.
However, there are even broader applications which have rare-
ly been investigated, especially for the ones which physically
involve a single material type but can be addressed through
multi-material topology optimization. Just like in this paper,
design of the pipeline opening layout is addressed by the
multi-material level set method.

3 General introduction to multi-material level set
modeling

3.1 Single-material level set modeling

Level set function was proposed by Osher and Sethian (1988).
It is an implicit interface representing and tracing method, and
has been successfully adopted by several engineering fields,
including image processing, computational fluid dynamics
(CFD), and structural optimization, etc. Specifically, let
D∈Rn(n=2 or 3) be the design domain, Ω∈Rn(n=2 or 3)
represent the material phase, and ∂Ω be the material phase
boundary. The level set function Φ(X) : Rn↦R conducts the
geometric modeling by:

Φ Xð Þ > 0; X ∈Ω=∂Ω materialð Þ
Φ Xð Þ ¼ 0; X ∈ ∂Ω boundaryð Þ
Φ Xð Þ < 0 ; X ∈ D =Ω voidð Þ

8<
: ð3Þ

To numerically formulate the region and boundary integra-
tion, the Heaviside and Dirac delta functions are adopted; see
Eqs. (4) and (5), respectively.

H Φð Þ ¼ 1; Φ ≥ 0
H Φð Þ ¼ 0; Φ < 0

�
ð4Þ

δ Φð Þ ¼ ∂H Φð Þ
∂Φ

;

Z∞
−∞

δ Φð ÞdΦ ¼ 1 ð5Þ

Then, interior and boundary of the material phase can be
represented by:

Ω¼ X j H Φ Xð Þð Þ¼1f g ð6Þ
∂Ω¼ X δ Φ Xð Þð Þ>0jf g ð7Þ

3.2 Multi-material level set modeling

For multi-material level set modeling, it requires multiple level
set functions in order to clearly represent the geometry bound-
ary and the material/material interfaces. The general scheme is
the ‘color’ level set proposed by (Wang and Wang 2004).

The ‘color’ level set scheme has the characteristic that only
m level set functions are required to represent n=2m material
phases. As presented in Fig. 2a, there are two level set do-
mains: Ωi={X | Φi(X) > 0} (i=1, 2), four material phases:
ωj = {X | H = [H(Φ1(X)),H(Φ2(X))] = constant vector} (-
j=1, 2, 3, 4). Taking elasticity tensor for example, the material
interpolation is,

E Xð Þ ¼ H Φ1 Xð Þð ÞH Φ2 Xð Þð ÞE1 þ H Φ1 Xð Þð Þ 1−H Φ2 Xð Þð Þ½ �E2

þ 1−H Φ1 Xð Þð Þ½ �H Φ2 Xð Þð ÞE3 þ 1−H Φ1 Xð Þð Þ½ � 1−H Φ2 Xð Þð Þ½ �E4 ð8Þ

in which E1,E2,E3 and E4 are the elasticity tensors of
material phase 1, 2, 3, and 4, respectively.

By using the ‘color’ level set, both the completeness
D=∪ k=1

n ωk and uniqueness ωk∩ωl=∅ (k≠ l) are satisfied.
Recently, Wang et al. 2015 proposed the MMLS which

represents m+1 material phases by m level set functions. As
presented in Fig. 2b, the two level set domains:
Ωi= {X | Φi(X) > 0} (i= 1, 2) form three material phases:
ωj (j=1, 2, 3). And the material interpolation is,

E Xð Þ ¼ H Φ1 Xð Þð Þ 1−H Φ2 Xð Þð Þ½ �E1

þ H Φ1 Xð Þð ÞH Φ2 Xð Þð ÞE2 þ 1−H Φ1 Xð Þð Þ½ �E3

ð9Þ

However, in fact, theMMLS can be obtained from the ‘color’
level set through a degenerating process. For instance, by mak-
ing E1 =E2, E2 =E1, and E4 =E3, Eq. (8) is switched into
Eq. (9).

In this work, Eq. (10) is applied. The two-material and
three-material topology optimizations will be investigated, re-
spectively.

E Xð Þ ¼ H Φ Xð Þð ÞE1 þ 1−H Φ Xð Þð Þ½ �E2 ð10Þ

4 Homogenization of the shell element with opening

In this section, the shell finite element model is briefly intro-
duced. Based on the classical thin plate theory (often referred
to as Kirchoff’s theory), the 4-node shell element is used and
the transverse shear stresses τxz and τyz are assumed to be zero.

Given a shell element, the strain energy stored is:

J ¼ 1

2

Z
Ω

Dses ~u
� �

es ~u
� �

dΩ þ
Z
Ω

Dbeb u
� �

eb u
� �

dΩ

2
4

3
5 ð11Þ

where Ds and Db are the elasticity tensors with respect to mem-
brane stress and bending, respectively. es(ũ) and eb(ū) are the
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membrane and bending strains. ũ is equal to (u,v) which is the
in-plane displacement; ū is equal to (w,θx,θy) in which w is the
out-of-plane displacement, (θx,θy) represents the rotation.

Specifically (Lee et al. 2000; Afonso et al. 2005),

Ds ¼ Eh
1−v2

1 v
v 1

1−vð Þ
.
2

2
4

3
5 Db ¼ Eh3

12 1−v2ð Þ
1 v
v 1

1−vð Þ
.
2

2
4

3
5ð12Þ

in which E=1.3 is the Young’s modulus, v=0.3 is the
Poisson’s ratio, h is the shell element thickness.

For the sake of simplicity, the strain energy is written into:

J ¼ 1

2

Z
Ω

De uð Þe uð ÞdΩ ð13Þ

where, D, e(u), and u are the elasticity tensor, strain, and
displacement by assembling the membrane and bending
items, which are specified in Eq. (14).

D ¼ Ds

Db

	 

e uð Þ ¼

es ~u
� �

eb u
� �

2
4

3
5 u ¼ ~u

u

" #
ð14Þ

Therefore, governing equation of the shell finite element
model is:

a u; vð Þ ¼ l vð Þ ; ∀ v ∈Uad

a u; vð Þ ¼
Z
Ω

De uð Þe vð ÞdΩ

l vð Þ ¼
Z
Ω

pvdΩ þ
Z
∂Ω

τvdS

ð15Þ

in which a(u, v) is the energy bilinear form and l(v)
is the load linear form; v is the test vector, and Uad is
the space of kinematically admissible displacement field.
p is the body force and τ is the boundary traction force.

With respect to the slotted element, homogenization is nec-
essary for computation in a coarse mesh. As shown in Fig. 3,
the slotted element is replaced by a solid one uniformly filled
with weaker materials. The effective elasticity tensor after
homogenization is demonstrated in Eq. (16) (Lee et al. 2000;
Afonso et al. 2005).

Dslot
s ¼ h

1:1362 0:1418
0:1418 0:5030

0:1122

2
4

3
5 Dslot

b ¼ h2

12
Dslot

s ð16Þ

About the holed element (Fig. 4), the homogenization pro-
cess is repeated and the homogenized elasticity tensor is pre-
sented in Eq. (17).

Dhole
s ¼ h

0:9934 0:2789
0:2789 1:1452

0:2759

2
4

3
5 Dhole

b ¼ h2

12
Dhole

s ð17Þ

5 Two-material level set topology optimization

5.1 Problem formulation

Here, the two-material scheme is consideredwith the solid and
slotted elements. The energy-minimization problem is formu-
lated as shown in Eq. (18).

Min: J u;Φð Þ ¼
Z
D

1

2
De uð Þe uð ÞH Φð ÞdΩ þ

Z
D

1

2
Dslote uð Þe uð Þ 1−H Φð Þ½ �dΩ

s:t: a u; v;Φð Þ ¼ l vð Þ; ∀v∈UadZ
D

H Φð ÞdΩ≤Vmax

a u; v;Φð Þ ¼
Z
D

De uð Þe vð ÞH Φð ÞdΩ þ
Z
D

Dslote uð Þe vð Þ 1−H Φð Þ½ �dΩ

l vð Þ ¼
Z
D

pvdΩ þ
Z
∂D

τvdS

ð18Þ

(a) (b)

Fig. 2 Multi-material level set
schemes
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in which Vmax is the upper bound of the material volume of
the solid elements. The meanings of the other symbols were
already introduced in the last section and will not be repeated
here.

To solve this optimization problem, sensitivity analy-
sis is required to calculated the boundary propagating

speed Vn in direction of n ¼ − ∇Φ Xð Þ
∇Φ Xð Þj j. And design update

is performed by solving the Hamilton-Jacobi equation as
demonstrated in Eq. (19). More details will be intro-
duced in the next sub-section.

∂Φ Xð Þ
∂t

¼ Vn ∇Φ Xð Þj j ð19Þ

5.2 Sensitivity analysis

In the present study, the shape sensitivity analysis is per-
formed based on the Eulerian description, as it better
aligns the level set framework (Guo et al. 2014). And in
the following derivations, it is assumed that D, Dslot, p
and τ are spatially invariant (Guo et al. 2011), and the
design domain D is fixed.

To be specific, the Lagrangemultiplier method is employed
to solve the optimization problem as shown in Eq. (18). And
the Lagrangian function is constructed as:

L ¼ J u;Φð Þ þ a u;w;Φð Þ−l wð Þ þ λ
Z
D

H Φð ÞdΩ−Vmax

0
@

1
A ð20Þ

where λ is the Lagrange multiplier and w∈Uad is the ad-
joint displacement field.

It is noted that, in the following derivations, ()⋅=D( )/Dt
denotes the material derivative and ()' =∂( )/∂t represents the
spatial derivative.

Material derivative of the Lagrangian function is given as,

Lð Þ⋅ ¼ J u;Φð Þð Þ⋅ þ a u;w;Φð Þð Þ⋅− l wð Þð Þ⋅ þ λ
Z
D

H Φð ÞdΩ
0
@

1
A

⋅

ð21Þ

in which,

J u;Φð Þð Þ⋅ ¼
Z
D

De uð Þe u
0

� �
H Φð ÞdΩ þ 1

2

Z
D

De uð Þe uð Þδ Φð ÞΦ0
dΩ

þ
Z
D

Dslote uð Þe u
0

� �
1−H Φð Þ½ �dΩ−

1

2

Z
D

Dslote uð Þe uð Þδ Φð ÞΦ0
dΩ

ð22Þ

a u;w;Φð Þð Þ⋅ ¼
Z
D

De u
0

� �
e wð ÞH Φð ÞdΩ þ

Z
D

De uð Þe w
0

� �
H Φð ÞdΩ

þ
Z
D

De uð Þe wð Þδ Φð ÞΦ0
dΩ þ

Z
D

Dslote u
0

� �
e wð Þ 1−H Φð Þ½ �dΩ

þ
Z
D

Dslote uð Þe w
0

� �
1−H Φð Þ½ �dΩ−

Z
D

Dslote uð Þe wð Þδ Φð ÞΦ0
dΩ

ð23Þ

l wð Þð Þ⋅ ¼
Z
D

pw
0
dΩ þ

Z
∂D

τw0dS ð24Þ

λ
Z
D

H Φð ÞdΩ
0
@

1
A

⋅

¼ λ
Z
D

δ Φð ÞΦ0dΩ ð25Þ

Put Eqs. (22, 23, 24 and 25) into Eq. (21). Collect all the
terms including w' and assume it equal to zero, which is:
Z
D

De uð Þe w
0

� �
H Φð ÞdΩ þ

Z
D

Dslote uð Þe w
0

� �
1−H Φð Þ½ �dΩ

−
Z
D

pw
0
dΩ−

Z
∂D

τw
0
dS ¼ 0

ð26Þ

As pointed out in (Guo et al. 2014), only (u)⋅ but not (u)'

belongs to the kinematically admissible set and can be used as
the test function. Therefore, Eq. (24) is further changed into:
Z
D

De uð Þe wð Þ⋅ð ÞH Φð ÞdΩ þ
Z
D

Dslote uð Þe wð Þ⋅ð Þ 1−H Φð Þ½ �dΩ

−
Z
D

De uð Þe ∇w⋅Vð ÞH Φð ÞdΩ−
Z
D

Dslote uð Þe ∇w⋅Vð Þ 1−H Φð Þ½ �dΩ

−
Z
D

p wð Þ⋅dΩ þ
Z
D

p ∇w⋅Vð ÞdΩ−
Z
∂D

τ wð Þ⋅dS ¼ 0

ð27Þ

which could be simplified into;

−
Z
D

De uð Þe ∇w⋅Vð ÞH Φð ÞdΩ−
Z
D

Dslote uð Þe ∇w⋅Vð Þ 1−H Φð Þ½ �dΩ

þ
Z
D

p ∇w⋅Vð ÞdΩ ¼ 0

ð28Þ

Equation (26) holds and it is proven in the Appendix.
Then, collecting the terms containing u' and making the

sum equal to zero, the adjoint equation is derived as shown
in Eq. (27), and this adjoint problem is solved to deal with (u)⋅.
Z
D

De uð Þe u
0

� �
H Φð ÞdΩ þ

Z
D

Dslote uð Þe u
0

� �
1−H Φð Þ½ �dΩ

þ
Z
D

De u
0

� �
e wð ÞH Φð ÞdΩ þ

Z
D

Dslote u
0

� �
e wð Þ 1−H Φð Þ½ �dΩ ¼ 0

ð29Þ

(a) slotted element (b) homogenized element

Fig. 3 Homogenization of the slotted element (element size: L = 3,
H= 1; slot size: L = 2, H= 0.2) a slotted element b homogenized element

Fig. 4 Holed element (element size: L = 3, H= 1; hole size: R = 0.3)
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(c) Optimization result without the repetition constraint

(a) Boundary condition 

(b) Initial design 

(d) Optimization result with the 3*4 repetition constraint

Fig. 6 Topology optimization of
the pipeline opening layout under
point load (the black color
represents the solid elements
while the grey color represents the
slotted elements) a Boundary
condition b Initial design c
Optimization result without the
repetition constraint d
Optimization result with the 3*4
repetition constraint

(a) The pipeline (b) The planar view 

Fig. 5 Generation of the planar
view a The pipeline a The planar
view
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Equation (27) cannot be directly solved and needs to be
further adapted into:

Z
D

De uð Þe uð Þ⋅ð ÞH Φð ÞdΩ þ
Z
D

Dslote uð Þe uð Þ⋅ð Þ 1−H Φð Þ½ �dΩ þ
Z
D

De uð Þ⋅ð Þe wð ÞH Φð ÞdΩ

þ
Z
D

Dslote uð Þ⋅ð Þe wð Þ 1−H Φð Þ½ �dΩ−
Z
D

De uð Þe ∇u⋅Vð ÞH Φð ÞdΩ−
Z
D

Dslote uð Þe ∇u⋅Vð Þ 1−H Φð Þ½ �dΩ

−
Z
D

De wð Þe ∇u⋅Vð ÞH Φð ÞdΩ−
Z
D

Dslote wð Þe ∇u⋅Vð Þ 1−H Φð Þ½ �dΩ ¼ 0

ð30Þ

(a) Boundary condition 

(c) Optimization result without the repetition constraint

(d) Optimization result with the 3*4 repetition constraint

(b) Initial design

Fig. 7 Topology optimization of
the pipeline opening layout under
linear load (the black color
represents the solid elements
while the grey color represents the
slotted elements) a Boundary
condition b Initial design c
Optimization result without the
repetition constraint d
Optimization result with the 3*4
repetition constraint
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Through solving Eq. (28), the solution of the adjoint
variable w=−u can be derived. To prove this result, it is
easy to understand the first four terms at the left side equal
to zero, while the last four terms at the left side of Eq. (28)
can also be proven equal to zero as demonstrated in the
Appendix.

By collecting the remaining terms and referring to Eq. (19),
the shape sensitivity analysis result is obtained as,

Lð Þ⋅ ¼
Z
D

Rδ Φð ÞΦ0dΩ ¼
Z
D

Rδ Φð ÞVn

���∇Φ���dΩ
R ¼ −

1

2
De uð Þe uð Þ þ 1

2
Dslot e uð Þe uð Þ þ λ

ð31Þ

where R is called shape gradient density. Then, by follow-
ing Eq. (29),

Vn ¼ −R ð32Þ

L could be guaranteed to change in the descent direction, as
shown in Eq. (30),

Lð Þ⋅ ¼
Z
D

−R2δ Φð Þ
���∇Φ���dΩ≤0 ð33Þ

It is noted that the Lagrange multiplier is used to address
the material volume constraint as:

λkþ1 ¼ λk þ μk

Z
D

H Φð ÞdΩ−Vmax

0
@

1
A

μkþ1 ¼ α μk where 0 < α < 1

ð34Þ

It is iteratively updated through Eq. (31) in which k indi-
cates the iteration number.

6 Numerical examples

In this section, numerical examples are studied to prove
the effectiveness of the multi-material level set topology
optimization method. For all these examples, they share
the same uniform mesh of 60*36 shell elements with
constant element size 3*1, while the boundary condi-
tions are case-specified. Diameter of the pipes is 5.74
and thickness of the shell is 0.2.

It is noted that all the optimization results are demonstrated
in the planar view which is generated following Fig. 5.

(c) Optimization result without repetition constraint

(a) Boundary condition

(b) Initial design

Fig. 8 Topology optimization of
the pipeline opening layout under
torque load (the black color
represents the solid elements
while the grey color represents the
slotted elements) a Boundary
condition b Initial design c
Optimization result without
repetition constraint
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6.1 Case 1. Point load

The first case employs point load as shown in Fig. 6a. The left
end of the pipe is fixed. Two materials are applied in this case:
as shown in Fig. 6b, the black color represents the solid ele-
ments while the grey color represents the slotted elements.
The objective is to minimize the energy stored in the structure
under the material volume constraint of maximum 30% solid
elements.

The optimization result is demonstrated in Fig. 6c. Because
the pipeline opening layout normally employs repetition in
both longitudinal and circumference directions, a 3*4
(longitudinal*circumference) repetition constraint is applied

to the problem setup. Correspondingly, the optimization result
is shown in Fig. 6d.

6.2 Case 2. Linear load

The second case employs linear load as shown in Fig. 7a. Both
ends of the pipe are fixed. Again, the two materials are ap-
plied. The objective is still to minimize the energy stored in
the structure under the material volume constraint of maxi-
mum 30% solid elements.

The optimization result is demonstrated in Fig. 7c, , and the
result with 3*4 repetitions is shown in Fig. 7d.

(c) Optimization result without repetition constraint

(a) Boundary condition 

(b) Initial design 

Fig. 9 Topology optimization of
the pipeline opening layout under
pressure load (the black color
represents the solid elements
while the grey color represents the
slotted elements) a Boundary
condition b Initial design c
Optimization result without
repetition constraint

Table 1 Data of the optimization
results Case Energy Volume ratio Loading magnitude

Point load without repetition constraint 147.82 0.300 0.1

Point load with repetition constraint 156.66 0.300 0.1

Linear load without repetition constraint 50.01 0.300 0.01/(3 unit distance)

Linear load with repetition constraint 54.05 0.289 0.01/(3 unit distance)

Torque load without repetition constraint 60.06 0.600 0.02/circumference distance

Pressure load without repetition constraint 16.76 0.400 0.01/(3 unit area)
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6.3 Case 3. Torque load

This case employs the torque load as shown in Fig. 8a. The left
end of the pipe is fixed. Again, the two materials are applied.
The objective is to minimize the energy stored in the structure
under the material volume constraint of maximum 60% solid
elements.

The optimization result is demonstrated in Fig. 8c.
The repetitive design is not studied for this example
because the result in Fig. 8c already employs certain
repetition.

6.4 Case 4. Pressure load

This case employs the internal pressure load as shown in
Fig. 9a. Both ends of the pipe are fixed. Again, the two mate-
rials are applied. The objective is to minimize the energy
stored in the structure under the material volume constraint
of maximum 40% solid elements.

The optimization result is demonstrated in Fig. 9c. It can be
observed that this result already satisfies the 3*4 repetition
requirement. Therefore, the 3*4 repetition constraint is not
applied in this case.

In summary of the case studies, the relevant data are listed
in Table 1.

6.5 Case 5. Three material phases

In this case, three material phases are applied: the solid
element, the element with slot (see Fig. 3), and the
element with hole (see Fig. 4). The boundary condition
in case 2 is applied. The objective is to minimize the
energy stored in the structure under material volume
constraints of maximum 20% solid elements and maxi-
mum 30% elements with holes. Equation (9) is applied
for material interpolation and therefore, two level set
functions are employed to model the three material
phases as presented in Eq. (32).

D X ;Φ1;Φ2ð Þ ¼ H Φ1 Xð Þð Þ 1−H Φ2 Xð Þð Þ½ �Dhole þ H Φ1 Xð Þð ÞH Φ2 Xð Þð ÞD

þ 1−H Φ1 Xð Þð Þ½ �Dslot

ð35Þ

The optimization result is demonstrated in Fig. 10b.
Red color represents the elements with holes and black
color represents the solid elements. Convergence history
is demonstrated in Fig. 11.

It can be observed that: the solid elements distribute
around loading areas which is reasonable because of its
full stiffness; the elements with holes mainly distribute
around the two ends where the strain energies are high,
because it is stiffer compared to the elements with slots;
the slotted elements distribute around the low strain en-
ergy areas, referring to Fig. 13.

(a) Initial design

(b) Optimization result

Fig. 10 Topology optimization
of the pipeline opening layout
with three material phases (red:
material with holes) a Initial
design b Optimization result

Fig. 11 Convergence history

Liu and Ma



(a) Strain energy distribution through the homogenized FEA (mesh size =60*36)

(c) Strain energy distribution through the full fidelity FEA (mesh size =360*180)   

(d) View of the strain eenergy distribution in (c) based on the mesh size of 60*36

(b) A refined view of the optimal design

Fig. 13 Validation of the
homogenization method (based
on Fig. 7c) a Strain energy
distribution through the
homogenized FEA (mesh size
=60*36) b A refined view of the
optimal design c Strain energy
distribution through the full
fidelity FEA (mesh size
=360*180) d View of the strain
energy distribution in c based on
the mesh size of 60*36

(a) Strain energy distribution through the homogenized FEA (mesh size =60*36)

(b) A refined view of the optimal design

(c) Strain energy distribution through the full fidelity FEA (mesh size =360*180)  

(d) View of the strain energy distribution in (c) based on the mesh size of 60*36 

Fig. 12 Validation of the
homogenization method (based
on Fig. 6c) a Strain energy
distribution through the
homogenized FEA (mesh size
=60*36) b A refined view of the
optimal design c Strain energy
distribution through the full
fidelity FEA (mesh size
=360*180) d View of the strain
energy distribution in c based on
the mesh size of 60*36
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7 Technical challenges

7.1 Validation of the homogenization

The slotted elements studied in this paper are not periodically-
repeated. Therefore, a full-fidelity FEA is performed to vali-
date the homogenization method applied, in which the slotted
element is further discretized into 6*5 quadrilateral elements
conformal to the material/void interface. Targeting the opti-
mized design solutions as presented in Fig. 6c and 7c, results
of the homogenized and full fidelity FEAs are demonstrated in
Figs. 12 and 13. Eq. (33) is employed to quantitatively com-
paring the results and accordingly, the local strain energy er-
rors are plotted in Fig. 14. For the design in Fig. 6c, the aver-
age error is 4.96% and the error of the objective value (146.60
based on refinedmesh) is 0.83%. For the design in Fig. 7c, the
average error is 10.08 % and the error of the objective value
(47.07 based on refined mesh) is 5.87 %. It is observed from
Figs. 12, 13 and 14 that, the high local strain energy errors
mainly distribute around the areas where the strain energy
density is low in magnitude. Hence, they have very limited
impact on the overall convergence process. This is verified by
the fact that, the error of the objective value is much smaller
than the average error.

error ¼ SEDfine−SEDcoarse
�� ��

SEDfine
ð36Þ

where SEDfine and SEDcoarse represent the local strain en-
ergy density based on the fine mesh and the coarse mesh,
respectively.

In summary, it can conclude that the strain energy distribu-
tion aligns very well for both calculation methods.

7.2 Mesh refinement

In the current examples, the mesh size is determined by the
opening size and can hardly be refined, because mesh refine-
ment would cause size changes of the openings, which is
practically not allowed. For the reasonability, a discussion is
presented below about the non-refinable mesh.

(1) For the currently studied problems, the slot size is much
smaller compared to the overall structure and therefore,
the related mesh size is small enough to provide suffi-
cient analysis accuracy. This has earlier been validated
by comparing the homogenization-based and full-
fidelity FEA results.

(2) If the opening size is compatible to the overall structure,
the homogenization-based method is no longer applica-
ble and mesh refinement is mandatory to provide satis-
factory analysis accuracy. In this situation, the multi-
component layout optimization method is more suitable.
There are plenty of publications on this topic [Zhang
et al. 2015] and no further discussion will be made in
this paper.

(3) Even so, the authors would emphasize that the inability
of performing the design mesh refinement in a simple
fashion without changing the problem is a major limita-
tion of the proposed methodology, because there are po-
tential situations where the afore-discussed points would
not stand. This issue will be a major focus of the future
work.

(a) Strain energy error distribution for the design in Fig. 6c

(b) Strain energy error distribution for the design in Fig. 7c

Fig. 14 Plot of the strain energy
error distribution a Strain energy
error distribution for the design in
Fig. 6c b Strain energy error
distribution for the design in
Fig. 7c

Flow convergence zone

SlotPipeline

Fig. 15 Flow convergence

………

Fig. 16 Equally divided sections in the axial direction
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7.3 Flow convergence loss

Given the oil recovery, the fluid flow-related design objective
would beminimizing the near-wellbore flow convergence loss
(see Fig. 15), and therefore maximizing the oil recovery rate
(Furui et al. 2005). To address this design objective, the flow
convergence model should be accounted by the optimization
algorithm, which can be either a numerical model or an ana-
lytical model (Furui et al. 2007).

For the former, it requires advanced computer programs to
solve the larger-scale multi-phase flow problems, because the
fluid is mixed oil, water, and sand particles, and the flow field
tends to be large. Therefore, the computational expense is ex-
tremely high, especially given the cyclic calls by the topology
optimization program. It is also non-trivial to perform the sensi-
tivity analysis. Conventionally, the flow channel design prob-
lems have been addressed through level set method given dif-
ferent flow types, including Darcy flow, Stokes flow, and
Navier–Stokes flow [Zhou and Li 2008; Challis and Guest
2009; Deng et al. 2013a, b], where the flow energy loss is
minimized subjected to a maximum flow area constraint.
However, these methods are not applicable to this case, because
the level set field does not coincide with the fluid flow field.

Therefore, analytical models are widely accepted in field
practice, which offers a good understanding about the slot lay-
out’s influence in the oil productivity. Apparently, the use of
analytical models is straight forward and satisfies engineering
needs. One popular analytical model is the skin factor, and its
detailed development and expression can be found in (Furui
et al. 2005). When designing the slot layout, low skin factor is
expected which means high oil productivity. However, expres-
sion of the skin factor is highly nonlinear (Furui et al. 2005,
2007), and it is non-trivial to be formulated and solved under
the level set framework or any other topology optimization
framework. To fix this issue, we developed a simplified skin
factor expression under the level set framework; see Eq. (34).

G Φð Þ ¼ w1

Xm
i¼1

Z
D

H Φð ÞdΩi−Vmax=m

0
@

1
A

2

þ w2

Xn

j¼1

Z
D

H Φð ÞdΩ j−Vmax=n

0
@

1
A

2

ð37Þ

in which,m is the number of equally divided sections in the
axial direction and Ωi is the ith section in this direction (see
Fig. 16); n is the number of equally divided sections in the
circumferential direction andΩj is the jth section in this direc-
tion; w1 and w2 are the weight factors.

This simplified skin factor expression is built on the expe-
rience that, given a fixed slot quantity, evenly distributing the
slots could reduce both the axial and circumferential flow
convergences and thus, the related energy loss. A pure geom-
etry test is performed starting with the same initial design of
the examples in Section 6. The optimization result is demon-
strated in Fig. 17, and the slot layout is close to even
distribution.

Then, add this control functional as part of the objective
function in Eq. (18), and use case 1 in Section 6 as the test
example. The weight factors, w1 and w2, are both assigned the
value 2*10−3. The corresponding optimization result is shown
in Fig. 18.

Compared to the result in Fig. 6c, the slots are more evenly
distributed in both the axial and circumferential directions. It
can be predicted that, the axial flow convergence is greatly
reduced and the circumferential flow convergence is also
weakened. It is worth noticing that, the purpose of using the
skin factor is to more evenly distribute the slots, but the struc-
tural performance still primarily determines the slot layout.
This is a main difference compared to the repetition constraint.

In order to prove the effectiveness of addressing the skin
factor, two sets of CFD simulation are performed based on the
design solutions as presented in Figs. 6c and 18. The commer-
cial software Ansys CFX is utilized. Fluid field and boundary
conditions are plotted in Fig. 19. The domain is divided into
two parts: the flow field outside the pipe structure and the flow
field inside the pipe structure, which are connected by the
slots. There are one velocity inlet which has the uniform nor-
mal inflow velocity of 0.001 m/s and one pressure outlet of
average pressure of zero. All other surfaces are just wall
boundaries. The oil employs the dynamic viscosity of
0.148 kg/(m*s)

About the mesh (Fig. 20), majority of the area is meshed
with tetrahedral elements, an inflation layer is added along the

Fig. 17 Pure geometry
optimization under the control
functional

Fig. 18 Topology optimization
with the simplified skin factor
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wall boundaries to accurately capture the boundary layer flow,
and the slots are meshed with hexahedrons. The two CFD
models employs 20154553 and 20193643 elements,
respectively.

Correspondingly, the simulation results are demonstrated
in Fig. 21. Because the inlet velocity, the outlet flux, and the
outlet pressure are identical for the two simulations, the inlet
pressure would mark the energy loss of the flow system. We
can see from the pressure profiles that, the design taking into

(b) Section view of the mesh

(a) Overview of the mesh

(c) Detail view of the inflation layer and the slot

Fig. 20 Mesh of the CFD model
a Overview of the mesh b
Section view of the mesh c Detail
view of the inflation layer and the
slot

Pressure 
outlet

the pipeline

the pipeline

Velocity inlet

Flow field outside

Flow field inside

Fig. 19 CFD simulation setup
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account the skin factor (see Fig. 21b) has the inlet pressure
within the range [303 Pa, 324 Pa], where the average is
313.89 Pa. The inlet pressure of the original design stays in
the range [343 Pa, 354 Pa] (see Fig. 21a), where the average is
348.05 Pa. Obviously, the design considering the skin factor
has a much smaller pressure drop, which indicates that the
flow convergence loss is evidently reduced by addressing
the skin factor.

8 Conclusion

This paper presents a novel application of multi-material level
set topology optimization to design the pipeline opening lay-
out. Innovatively, the shell elements are categorized into dif-
ferent types and treated as distinct material phases, which
transform the discrete layout design problem into a continuous
multi-material topology optimization problem. This innova-
tion will help pipeline and petroleum engineers more optimal-
ly and efficiently design the perforated pipeline devices. The
effectiveness of the proposed approach has been proven by a
few numerical case studies.

For future works, orientations of the openings are poten-
tially employed as optimization variables as well, which could
further enhance the structure stiffness without sacrificing the
opening quantity. Besides, the stress-constrained design is cur-
rently under active exploration.
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Appendix

To prove Eq. (26) equal to zero, we follow the derivations
presented in (Guo et al. 2014). The derivation will be based
on the 2D planar problem for the sake of simplicity, and it can
be easily extended to shell problem by adding the design
freedoms.

Through some mathematical manipulations (Guo et al.
2014), the following relationships can be derived:
Z
D

Dses ~u
� �

es ∇~w⋅V
� �

H Φð ÞdΩ ¼
Z
D

σ ~u
� �

⋅n
� �

⋅ ∇~w⋅V
� �

δ Φð ÞdΩ

þ
Z
D

~p⋅ ∇~w⋅V
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H Φð ÞdΩ
Z
D

Ds
slotes ~u

� �
es ∇~w⋅V
� �

1−H Φð Þ½ �dΩ
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⋅ −nð Þ
h i

⋅ ∇~w⋅V
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δ −Φð ÞdΩ þ
Z
D

~p⋅ ∇~w⋅V
� �

H −Φð ÞdΩ

ðA1Þ

in which, ~p is the planar body force, andσ(ũ) is the second order
Cauchy stress tensor. Accordingly, Eq. (37) can be derived as:

−
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dΩ

ðA2Þ

In Eq. (37), the first two terms at the right side could cancel
each other at the material/material interface, and only remain
at the fixed domain boundary ∂D. Therefore, Eq. (A2) can be
further simplified into:

−
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D
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dΩ ¼−
Z
D

~p⋅ ∇~w⋅V
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in which, ~τ is the planar boundary traction force and it is acted
on the non-design boundary. According to Eq. (A1), Eq. (26)
can be proven to hold.

(a) Inlet pressure distribution of not considering the

skin factor (Fig. 6c)

(b) Inlet pressure distribution of considering the

skin factor (Fig. 17)

Fig. 21 CFD validation a Inlet
pressure distribution of not
considering the skin factor
(Fig. 6c) b Inlet pressure
distribution of considering the
skin factor (Fig. 17)
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The same process can be employed to prove the last four
terms at the left side of Eq. (28) equal to zero, as demonstrated
in Eq. (A2).
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Equation (A2) holds according to Eq. (A1), ~w ¼ −~u, and
~p wð Þ ¼ −~p, in which ~p ~wð Þ is the planar body force caused
by ~w.
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